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Abstract

We study the minimum number of products of powers of binary linear forms needed to express∏k
i=1 x

di−1
i yi. For k ≥ 2 and di ≥ 3, we prove that this number is 2k−1(

∑
i di − 2k + 2), matching the

upper bound of Canino, Casarotti and Santarsiero. The lower bound starts from an arbitrary complex

decomposition. A change of coordinates converts its coefficients into weighted points satisfying product

moment conditions. We construct rational test functions whose evaluation vectors have a block diagonal

weighted Gram matrix. Its blocks are nondegenerate for a common finite choice of auxiliary parameters, so

the number of decomposition terms is at least the number of test functions. The argument allows repeated

points and zero coordinates and uses no positivity assumption.

1 Introduction and main result

For d = (d1, . . . , dk), consider the multihomogeneous polynomial

F (x, y) =

k∏
i=1

xdi−1
i yi. (1)

The pair (xi, yi) represents the ith symmetric tensor block, of order di. Thus F represents a product of k

generalized W-states, up to a nonzero normalization scalar. In this polynomial description, a rank-one term

with respect to the prescribed blocks is a product
∏

i(aixi + biyi)
di .

Definition 1.1 (Partially symmetric rank). The partially symmetric rank Rd(F ) is the least integer r for which

there are complex coefficients cℓ, aiℓ, biℓ satisfying

F (x, y) =

r∑
ℓ=1

cℓ

k∏
i=1

(aiℓxi + biℓyi)
di . (2)

The blocks (xi, yi) and their degrees di are fixed throughout.

Canino, Casarotti and Santarsiero [1, Theorem 1.1] give an explicit decomposition proving the general upper

bound

Rd(F ) ≤ M, M := 2k−1

(
k∑

i=1

di − 2k + 2

)
, k ≥ 2, di ≥ 3. (3)

Our contribution is the matching lower bound for every decomposition of the form (2), without any restriction

on its support. This is the partially symmetric rank question in problem TR-29 of the Open Problems in

Numerical Linear Algebra catalogue [2].

Theorem 1.1 (Exact partially symmetric rank). Let k ≥ 2 and di ≥ 3 for every i. Over C,

Rd

(
k∏

i=1

xdi−1
i yi

)
= 2k−1

(
k∑

i=1

di − 2k + 2

)
. (4)
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The proof of the lower bound is developed in Sections 2–7 and completed at the end of Section 7. The upper

bound is (3).

Example 1.1 (Three cubic factors). For F = x2
1y1x

2
2y2x

2
3y3, the theorem gives R(3,3,3)(F ) = 20. More generally,

R(3,...,3)(F ) = 2k−1(k + 2).

The proof follows a concrete sequence. An arbitrary r-term decomposition gives r weighted points after a

change of coordinates. Coefficient matching determines their moments. We then construct M test functions

and prove that their evaluation vectors are linearly independent by showing that a weighted Gram matrix is

invertible. Consequently r ≥ M . The test functions and the matrix blocks are given explicitly in Section 7; the

longer coefficient calculations are collected in the appendices.

All ranks in Theorem 1.1 refer to the prescribed partially symmetric blocks. The argument does not assert

the same lower bound for ordinary tensor rank or border rank. All pairings below are complex bilinear, using

transpose rather than conjugate transpose.

2 A change of coordinates

Fix any decomposition (2), deleting zero summands. We first replace each pair of coefficients (aiℓ, biℓ) by one

affine parameter, absorbing its scale into the weight of the summand.

Lemma 2.1 (Affine normalization). There exist γ1, . . . , γk ∈ C such that the invertible coordinate changes

xi = Xi, yi = γiXi + Yi transform (2) into the equivalent identity

k∏
i=1

Xdi−1
i (γiXi + Yi) =

r∑
ℓ=1

wℓ

k∏
i=1

(Xi + ziℓYi)
di , (5)

where every wℓ is nonzero and

ziℓ =
biℓ

aiℓ + γibiℓ
, wℓ = cℓ

k∏
i=1

(aiℓ + γibiℓ)
di . (6)

Proof. For each i, choose γi so that aiℓ + γibiℓ ̸= 0 for every ℓ. Such a choice is possible: each nonzero

factor excludes at most one value of γi. After the coordinate change, aiℓxi + biℓyi = (aiℓ + γibiℓ)(Xi + ziℓYi).

Substitution gives (5) and (6).

Arrange the parameters into the matrix

Zc =


z11 z12 · · · z1r
z21 z22 · · · z2r
...

...
...

zk1 zk2 · · · zkr

 ∈ Ck×r, zℓ = (z1ℓ, . . . , zkℓ) ∈ Ck. (7)

Its ℓth column specifies the point zℓ. Thus the original decomposition determines r points with weights wℓ.

These points are fixed in the subsequent argument; we choose functions to evaluate at them. Repeated points

and zero coordinates are allowed. The symbol Z = (Z1, . . . , Zk) will denote formal variables, distinct from the

parameter matrix Zc.

3 Coefficient matching and moment conditions

Lemma 3.1 (Moment conditions). The normalized identity (5) is equivalent to

r∑
ℓ=1

wℓ

k∏
i=1

zeiiℓ =

k∏
i=1

mi(ei), 0 ≤ ei ≤ di, (8)

where

mi(e) =


γi, e = 0,

βi := 1/di, e = 1,

0, 2 ≤ e ≤ di.

(9)
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Proof. Compare the coefficients of
∏

i X
di−ei
i Y ei

i in (5) and divide by
∏

i

(
di

ei

)
. The coefficient contributed by the

ith factor on the left is γi when ei = 0, is 1 when ei = 1, and is zero otherwise. This gives (8)–(9). Conversely,

these identities match every coefficient of the two multihomogeneous polynomials, so they imply (5).

The term moment refers to the weighted monomial evaluations on the left of (8). The weights are complex;

they are not assumed positive or normalized to sum to one. In particular, the moment conditions retain all the

information in the normalized polynomial identity, rather than providing only necessary tests.

4 Generalized moment conditions

Let Pd := {P ∈ C[Z1, . . . , Zk] : degZi
P ≤ di for all i}. Define the weighted evaluation functional

L(P ) :=

r∑
ℓ=1

wℓP (zℓ), P ∈ Pd. (10)

For each i, let Li be the linear functional on univariate polynomials of degree at most di determined by

Li(Z
e
i ) = mi(e).

Lemma 4.1 (Generalized moment conditions). The moment conditions (8) are equivalent to

L(P ) =
∑
e

pe

k∏
i=1

mi(ei) for every P (Z) =
∑
e

pe

k∏
i=1

Zei
i ∈ Pd. (11)

In particular, for P (Z) =
∏

i Pi(Zi) with degPi ≤ di,

L

(
k∏

i=1

Pi(Zi)

)
=

k∏
i=1

Li(Pi). (12)

Proof. Expand P in the monomial basis and apply (8) term by term. Conversely, taking P (Z) =
∏

i Z
ei
i in (11)

recovers each moment condition. Expanding the univariate factors gives (12).

Thus the normalized decomposition, the monomial moment conditions, and the generalized moment condi-

tions are equivalent descriptions of the same identity. Formula (11) determines L(P ) from the target polynomial

whenever P lies in the specified degree range. We also use L(R) =
∑

ℓ wℓR(zℓ) for rational functions R defined

at every point, but (11) does not directly apply to such functions.

5 Constructing the weighted Gram matrix

We now select a family of expressions to which weighted evaluation will be applied. Let t = (t1, . . . , tk) ∈ Ck

satisfy 1 + tiziℓ ̸= 0 for every i, ℓ, and set

hi(Zi) := 1 + tiZi, Ht(Z) :=

k∏
i=1

hi(Zi)
di . (13)

Choose M rational test functions ϕ1, . . . , ϕM defined at the points zℓ. Their specific choice is given in Section 7.

For each a, b = 1, . . . ,M , put

Pab(Z) := Ht(Z)ϕa(Z)ϕb(Z), (14)

and define the Gram coefficient

Gab := L(Pab) =

r∑
ℓ=1

wℓHt(zℓ)ϕa(zℓ)ϕb(zℓ). (15)

If Pab ∈ Pd, this coefficient can be evaluated directly by (11). The remaining entries will be handled by an

exact rational identity in Appendix B.
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Lemma 5.1 (Gram factorization). The matrix G = (Gab)
M
a,b=1 satisfies

G = ETWE, (16)

where

E =


ϕ1(z1) ϕ2(z1) · · · ϕM (z1)

ϕ1(z2) ϕ2(z2) · · · ϕM (z2)
...

...
...

ϕ1(zr) ϕ2(zr) · · · ϕM (zr)

 ∈ Cr×M , (17)

and

W =


w1Ht(z1) 0 · · · 0

0 w2Ht(z2) · · · 0
...

...
. . .

...

0 0 · · · wrHt(zr)

 ∈ Cr×r. (18)

Proof. The (a, b) entry of ETWE is exactly the sum in (15).

Each column of E is the evaluation vector ev(ϕa) = (ϕa(z1), . . . , ϕa(zr))
T. The indices a and b select two

functions from the same list. They do not refer to two different types of test.

6 From Gram invertibility to a rank lower bound

The matrix G is the weighted bilinear Gram matrix of the evaluation vectors. Its invertibility gives the required

lower bound on the number of decomposition terms.

Lemma 6.1 (The dimension bound). For the matrices in Lemma 5.1,

G invertible =⇒ rankE = M =⇒ r ≥ M. (19)

Proof. If Ec = 0, then Gc = ETWEc = 0. Invertibility of G gives c = 0, so the M columns of E are linearly

independent in Cr.

This implication requires neither a positive weight matrix nor a Hermitian inner product. It remains to

choose the M test functions and prove that their Gram matrix is invertible for at least one admissible finite

parameter vector t.

7 A specific family of test functions

We now fix the test functions. All remaining assertions concern this specific choice. Write [k] = {1, . . . , k}, and
use ι for a multi-index with entries in {0, 1}.

7.1 The function list and its evaluation matrix

The basic family is

B0 :=


k∏

j=1

Z
ιj
j

hj(Zj)
: ι ∈ {0, 1}k

 . (20)

For each i ∈ [k], add the family

Bi :=

 Zs
i

hi(Zi)s

∏
j ̸=i

Z
ιj
j

hj(Zj)
: 2 ≤ s ≤ di − 1, ι ∈ {0, 1}[k]\{i}

 . (21)

List B0,B1, . . . ,Bk in this order. Within Bi, order first by increasing s, then lexicographically by ι; order B0

lexicographically. Denote the resulting list by ϕ1, . . . , ϕM . Its length is

M = 2k +

k∑
i=1

(di − 2)2k−1 = 2k−1

(
k∑

i=1

di − 2k + 2

)
. (22)
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This is a count of the indexed list; its linear independence is proved below. Both ϕa and ϕb in (14) are chosen

from this list, possibly from the same family.

Example 7.1 (The twenty functions for three cubic factors). When k = 3 and d1 = d2 = d3 = 3, let hi = 1+tiZi

and h = h1h2h3. With the above ordering, the four rows below list the four families:

(ϕ1, . . . , ϕ8) =
1

h
(1, Z3, Z2, Z2Z3, Z1, Z1Z3, Z1Z2, Z1Z2Z3), (23)

(ϕ9, . . . , ϕ12) =
Z2
1

h2
1h2h3

(1, Z3, Z2, Z2Z3),

(ϕ13, . . . , ϕ16) =
Z2
2

h1h2
2h3

(1, Z3, Z1, Z1Z3),

(ϕ17, . . . , ϕ20) =
Z2
3

h1h2h2
3

(1, Z2, Z1, Z1Z2).

Their evaluations form

E =
[
E0 | E1 | E2 | E3

]
, E0 ∈ Cr×8, Ei ∈ Cr×4 (i = 1, 2, 3). (24)

For example, the ℓth row of E1 is
z2
1ℓ

h1(z1ℓ)2h2(z2ℓ)h3(z3ℓ)
(1, z3ℓ, z2ℓ, z2ℓz3ℓ).

7.2 The basic block and the vanishing cross blocks

Partition the Gram matrix according to the function families. Let G0 be its block on B0, and let Gi be its block

on Bi for i ≥ 1.

Lemma 7.1 (Block diagonal structure). For every admissible t, the Gram matrix of (20)–(21) has the form

G =


G0 0 · · · 0

0 G1 · · · 0
...

...
. . .

...

0 0 · · · Gk

 , G0 =

k⊗
i=1

Gi(ti), (25)

where

Gi(ti) =

(
γi + (di − 2)tiβi βi

βi 0

)
, detGi = −β2

i ̸= 0. (26)

In particular, G0 is invertible for every admissible t.

Proof. For two basic functions with indices ι, ȷ, multiplication by Ht cancels the denominators and gives

Pab(Z) =
∏
i

Zιi+ȷi
i hi(Zi)

di−2 ∈ Pd. (27)

The product rule (12) shows that the Gram entry factors over the coordinates. For each coordinate the three

possibilities ιi + ȷi = 0, 1, 2 give, respectively, γi + (di − 2)tiβi, βi, and 0. This proves the Kronecker product

formula and (26).

For a function from Bi paired with one from B0, the ith coordinate factor of Pab is Zs+ȷi
i hi(Zi)

di−s−1. It

is a polynomial whose monomials have degrees between 2 and di, so its Li-value is zero. All other factors lie

within their prescribed degree bounds. The same factor occurs when a function from Bi is paired with one

from Bj , j ̸= i. Hence all cross blocks vanish. The full entry formulas are recorded in Appendix A.

Example 7.2 (An explicit basic Gram block). For k = 2, write Ai = γi + (di − 2)tiβi. In the order

(0, 0), (0, 1), (1, 0), (1, 1),

G1 ⊗G2 =


A1A2 A1β2 β1A2 β1β2

A1β2 0 β1β2 0

β1A2 β1β2 0 0

β1β2 0 0 0

 . (28)

The product structure comes from (12), even though the points zℓ need not form a Cartesian grid.
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7.3 The additional blocks

Put q = 2k−1. Inside Gi, group the functions by s = 2, . . . , di − 1. Each (s, s′) block is a q × q matrix whose

rows and columns are indexed by ι, ȷ on [k] \ {i}. Define the q × q matrix Hi(t) by

[Hi(t)]ι,ȷ =

r∑
ℓ=1

wℓ
zdi+1
iℓ

1 + tiziℓ

∏
j ̸=i

z
ιj+ȷj
jℓ (1 + tjzjℓ)

dj−2. (29)

Here Hi is a matrix; it is distinct from the scalar polynomial Ht in (13).

Lemma 7.2 (The anti-triangular blocks). The (s, s′) block of Gi is zero if s + s′ ≤ di and equals Hi(t) if

s+ s′ = di + 1. Consequently,

detGi = ±detHi(t)
di−2. (30)

Proof. The relevant entry is

r∑
ℓ=1

wℓz
s+s′

iℓ (1 + tiziℓ)
di−s−s′

∏
j ̸=i

z
ιj+ȷj
jℓ (1 + tjzjℓ)

dj−2. (31)

If s+ s′ ≤ di, the expression inside the weighted sum is a polynomial in Pd whose ith-coordinate factor has all

degrees at least 4. Its moment therefore vanishes. If s + s′ = di + 1, the entry is (29). Reversing the order of

the s′-block columns gives a block lower triangular matrix with di− 2 copies of Hi on the diagonal. This proves

(30).

Example 7.3 (Column reversal when di = 5). There are three groups, indexed by s = 2, 3, 4. Writing Ji,Ki

for the remaining q × q blocks, the matrices before and after block-column reversal are

Gi =

 0 0 Hi

0 Hi Ji
Hi Ji Ki

 7−→

Hi 0 0

Ji Hi 0

Ki Ji Hi

 . (32)

Thus only the invertibility of Hi is needed; no formula for Ji or Ki is required.

7.4 A common finite parameter choice

The remaining task is to show that all the matrices Hi can be made invertible at the same admissible parameter

vector.

Lemma 7.3 (Nonzero determinant of each additional block). For every i, detHi(t) is a nonzero rational

function of t. More precisely, with the other parameters fixed, its matrix has the Laurent expansion at ti = ∞

Hi(t) = (−1)di−1βit
−di
i

⊗
j ̸=i

Gj(tj) +O(t−di−1
i ). (33)

The leading coefficient matrix is invertible.

Proof. Expand zdi+1/(1 + tiz) through order t−di
i in (29). The coefficients involving zdi

i , . . . , z2i vanish by the

moment conditions. The next coefficient involves zi; the product rule gives βi

⊗
j ̸=i Gj(tj), with the sign in

(33). Appendix B gives the exact finite identity and verifies this calculation also when some ziℓ = 0. Each Gj

is invertible by Lemma 7.1, so the leading coefficient is invertible and detHi is not identically zero.

Proposition 7.1 (Simultaneous Gram nondegeneracy). For any points and weights satisfying (8), there exists

a finite t ∈ Ck such that 1 + tiziℓ ̸= 0 for every i, ℓ and the Gram matrix of (20)–(21) is invertible.

Proof. Write each nonzero rational function detHi = Ni/Di with nonzero polynomials Ni, Di. The polynomial

Q(t) :=

∏
i,ℓ

(1 + tiziℓ)

 k∏
i=1

Ni(t)Di(t) (34)

is nonzero. Since C is infinite, there is a finite parameter vector with Q(t) ̸= 0. At this vector all evaluations

are defined and all Hi are invertible. By Lemma 7.2, each Gi is invertible; by Lemma 7.1, the full block diagonal

matrix G is invertible.
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The one-parameter expansions in Lemma 7.3 prove that the individual determinants are nonzero rational

functions. They are not used to take all parameters to infinity simultaneously. The finite choice in (34) supplies

the single parameter vector needed in the dimension argument.

Example 7.4 (The 20×20 Gram matrix). For the cubic triple in Example 7.1, each additional family has only

s = 2, so Gi = Hi for i = 1, 2, 3. The full matrix is

G =


G1 ⊗G2 ⊗G3 08×4 08×4 08×4

04×8 H1 04×4 04×4

04×8 04×4 H2 04×4

04×8 04×4 04×4 H3

 . (35)

Here Gi =
(

γi+ti/3 1/3
1/3 0

)
and each Hi is 4 × 4. For example, H1 = 1

3 t
−3
1 (G2 ⊗ G3) + O(t−4

1 ) with t2, t3 fixed.

The other two blocks have the analogous expansions. Proposition 7.1 makes all four diagonal blocks invertible

at one finite t. Thus the twenty columns of E are independent.

Proof of Theorem 1.1. Take an arbitrary decomposition (2) with r nonzero terms. By Lemmas 2.1 and 3.1, it

determines points and nonzero weights satisfying (8) with βi = 1/di. Construct the M test functions (20)–(21)

and choose t using Proposition 7.1. Their Gram matrix is invertible, so Lemma 6.1 yields r ≥ M . This applies

to every decomposition, hence Rd(F ) ≥ M . Combining with (3) proves (4).

A Coordinate factors in the Gram entries

This appendix records the cancellation and degree checks used in Lemma 7.1. For a basic function indexed by

ȷ and a function from Bi indexed by (s, ι), their product with Ht is

Pab(Z) = Zs+ȷi
i hi(Zi)

di−s−1
∏
j ̸=i

Z
ιj+ȷj
j hj(Zj)

dj−2. (36)

The exponent di − s− 1 is nonnegative because s ≤ di − 1. The degrees in coordinate i range from s+ ȷi ≥ 2

to di − 1 + ȷi ≤ di. Thus the ith factor has zero Li-value. Each other factor has degree at most dj . Applying

(12) gives L(Pab) = 0.

Next choose functions from Bi and Bj , with i ̸= j. Let their indices be (s, ι) and (s′, ȷ), respectively. Then

Pab(Z) = Zs+ȷi
i hi(Zi)

di−s−1Z
s′+ιj
j hj(Zj)

dj−s′−1

×
∏

m ̸=i,j

Zιm+ȷm
m hm(Zm)dm−2.

(37)

Both distinguished coordinate factors have nonnegative powers of hi, hj and monomial degrees between 2 and

their respective degree bounds. All remaining factors are also within their bounds. The product rule therefore

gives L(Pab) = 0.

Finally, for two functions from the same family Bi, the coordinate factors are

Pab(Z) = Zs+s′

i hi(Zi)
di−s−s′

∏
j ̸=i

Z
ιj+ȷj
j hj(Zj)

dj−2. (38)

This is polynomial when s+ s′ ≤ di, yielding the zero blocks in Lemma 7.2. At s+ s′ = di+1, one denominator

remains, yielding Hi in (29). In particular, this last case is not an application of the polynomial moment formula

to a rational function; it requires the calculation below.

B The leading coefficient of the rational blocks

We give the exact identity underlying Lemma 7.3. This also shows explicitly why zero coordinates of the

decomposition points cause no difficulty.

Lemma B.1 (Finite division identity). For an integer d ≥ 1, t ̸= 0, and 1 + tz ̸= 0,

zd+1

1 + tz
=

d−1∑
a=0

(−1)azd−a

ta+1
+

(−1)dz

td(1 + tz)
. (39)

For each fixed z ∈ C, the final term is O(t−d−1) as t → ∞; when z = 0, every term is identically zero.
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Proof. Multiply by 1 + tz. The consecutive terms in the finite sum cancel, leaving zd+1 after the remainder is

included. For z ̸= 0, z/(1 + tz) = O(t−1); for z = 0 it is zero.

Detailed proof of Lemma 7.3. Fix i and treat ti as the variable, keeping the other parameters fixed. For row

and column indices ι, ȷ, set Aι,ȷ(Z−i) =
∏

j ̸=i Z
ιj+ȷj
j (1 + tjZj)

dj−2. Each coordinate degree of Aι,ȷ is at most

dj . Substituting (39) with d = di into (29) gives

[Hi(t)]ι,ȷ =

di−1∑
a=0

(−1)at−a−1
i L

(
Zdi−a
i Aι,ȷ(Z−i)

)
+O(t−di−1

i ). (40)

The remainder estimate is valid because the sum over the fixed points is finite. The finite identity applies also

to points with ziℓ = 0; no division by such a coordinate is used.

For a = 0, . . . , di − 2, the ith exponent di − a lies between 2 and di. The corresponding L-value is zero by

(12). For a = di − 1, the same rule gives

L(ZiAι,ȷ(Z−i)) = βi

∏
j ̸=i

Lj

(
Z

ιj+ȷj
j (1 + tjZj)

dj−2
)
= βi

⊗
j ̸=i

Gj(tj)


ι,ȷ

. (41)

Equations (40) and (41) prove (33).

For completeness, put Ci = (−1)di−1βi

⊗
j ̸=i Gj(tj). This q × q matrix is invertible. Taking determinants

gives

detHi(t) = t−diq
i

(
detCi +O(t−1

i )
)
, q = 2k−1, detCi ̸= 0. (42)

Thus detHi cannot be the zero rational function. Equivalently, the calculation can be carried out as a formal

Laurent expansion over the field C(tj : j ̸= i).
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