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Abstract

The set of complex tensors of asymptotic rank at most +/62 in format (3,3,3,2) is reducible in the
Zariski topology. This gives a negative answer to the irreducibility question when quantified over all tensor
orders at least three; the order-three question remains open. A finite Fourier degeneration and Strassen’s
asymptotic-spectrum and tight-support theorems give the bound f{(P)3 < 74 —3+/81 < 62 for the three-mode
permutation tensor P. The scalar centroid of P supplies an ambient open neighborhood in which the balanced
flattening constraints force the fourth factor to have rank one. A second rank-two tensor then exhibits two
proper relatively closed subsets covering the entire sublevel. More generally, for every n > 3 and every order
k > 4, we exhibit thresholds n < B, < n + 1 such that, for B,, < a < n + 1, the complex asymptotic-rank
sublevel in format (di,...,dx) has at least (tg) + 1 irreducible components, where t, = #{i : d; > n}. The
finite identities and witness geometry admit exact arithmetic checks and a Lean certificate; the asymptotic
and Zariski arguments are given in the text.

1 The main theorem and its context

For a tensor T € V1 ® - - ® Vj, let R(T") be its rank with respect to the indicated k factors. We use the grouped

tensor power
TR e VA R ... @ VE™

and the asymptotic rank
R(T) = lim R(T®™)Y/m™  R(0) = 0. (1.1)

For a nonzero tensor the limit exists by submultiplicativity of rank. Throughout the paper the ground field is C.

Theorem 1.1. In the 54-dimensional vector space
V=CeCeCeC? a= 62,

the asymptotic-rank sublevel
Y={TeV:R(T)<a} (1.2)

is reducible in the Zariski topology. In particular, the assertion that all asymptotic-rank sublevels are irreducible,
for every algebraically closed field, every tensor order k > 3, every tuple of positive factor dimensions, and every
real threshold a > 0, is false.

The counterexample has order four. The theorem does not settle the question restricted to order three.
Known closedness of asymptotic-rank sublevels identifies Y as a reducible algebraic variety; the proper relatively
closed cover constructed below proves reducibility directly.
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1.1 The question and the classical ingredients

Christandl, Hoeberechts, Nieuwboer, Vrana and Zuiddam proved that, for every field, every fixed tensor format
of order at least three, and every real threshold, the corresponding asymptotic-rank sublevel is Zariski closed
[5, Theorem 1.2]. They then asked whether these sublevels are irreducible over algebraically closed fields [5,
Section 5]. The source explicitly distinguishes the familiar irreducible determinantal varieties of matrices from
the open question for orders k > 3. The public catalogue records the latter with its universal quantifiers [7]. The
present example answers that all-orders question negatively in order four. It leaves the separately restricted
three-mode question open.

The asymptotic-rank estimate uses Strassen’s asymptotic spectrum and his entropy formula for tight three-
mode supports [8, 9]. We use the formulations in Christandl, Vrana and Zuiddam [4, Theorem 1.1, Proposition 1.6,
Definition 4.1, Theorem 4.4 and Corollary 4.5]. Spectral points turn direct sums and grouped products into
addition and multiplication. The tight-support theorem supplies a lower bound on an auxiliary tensor’s asymptotic
subrank, which can then be subtracted from a direct-sum spectral inequality. Both classical theorems are applied
to three-mode tensors. Appending the fourth factor in the geometric example uses elementary rank and flattening
arguments.

The six-permutation tensor P defined in (1.3) is the variant denoted cw} in the Coppersmith-Winograd
literature [1, 6]. Alman and Li developed quantitative asymptotic-rank speedups using degenerations with
nontrivial direct sums on both sides [1, Sections 4 and 7.1]. Their Corollary 7.2 in the pinned arXiv version,
equivalently Corollary 34 in the conference version, applies to this exact tensor and already establishes ﬁ(P) < 4.
They also reproduce the classical (¢ + 2)-term Laurent degeneration of the small Coppersmith-Winograd tensor,
crediting Coppersmith and Winograd.

For the constants needed here, we give a direct finite Fourier exchange and obtain the exact estimate

R(P)® < 74— 3/81 < 62.

The exchange is related to the direct-sum speedup method: for example, Alman and Li’s Proposition 7.1 in the
arXiv version (Proposition 32 in the conference version) exchanges auxiliary matrix tensors with dimensions 18
and 8 when ¢ = 2 and n = 3. The identity proved below instead displays the auxiliary paired Coppersmith—
Winograd tensors and all Fourier coefficients explicitly. We use the estimate in an ambient open-set argument to
produce two proper relatively closed subsets covering the full asymptotic-rank sublevel. The comparisons here
are confined to the cited sources; no priority claim is made for the tensor constructions or rank estimates.

1.2 The two witnesses and the structure of the proof

Let eg, e1, €2 be the standard basis of C3, and let dy, d; be the standard basis of C2. Define

P= > ei®e; ey, x=P®d,
(4,,k) a permutation of (0,1,2) (13)

Yy=e®eyVes®@dp+e1®e; @er ®ds.

Section 3 proves
R(P)® < 74 — 3V/81 < 62, (1.4)

so z € Y. The displayed decomposition and a flattening give ﬁ(y) =2, hence y € Y as well.

Let X C V be the closed locus of fourth-mode flattening rank at most one. We construct a polynomial open
set U C V such that x € U and Y NU C X. Its defining condition is the persistence of a one-dimensional kernel
of a matrix of appended minors. Since y ¢ X, the identity

Y=(YnX)uU (YN(V\U)) (1.5)

is a cover by two proper relatively closed subsets. In particular, the open set is taken in V', without imposing a
fixed linear slice on the sublevel problem.



2 The asymptotic spectrum and tight supports

2.1 Restrictions and the full three-mode spectrum

A restriction S < T means that S is obtained from T by a linear map on each factor. The direct sum S @ T uses
the direct sum of the respective factor spaces; the product S X T groups corresponding factors. These operations
make the equivalence classes under mutual restriction of all complex three-mode tensors into a preordered
semiring. Put

A, :Z€j®€j®€j.
=1

A spectral point on this semiring is a map ¢ to the nonnegative real numbers that is additive under @,
multiplicative under X, normalized by ¢(A,) = r, and monotone under restriction. The spectrum in the next
theorem is the spectrum of all complex three-mode tensors.

Theorem 2.1 (Strassen’s spectral characterization). For every complex three-mode tensor T,
ﬁungy¢@y (2.1)

We use the formulation and tensor-semiring application in [4, Theorem 1.1 and Proposition 1.6]. For later
use, the subrank Q(T') is the largest integer r for which A, < T, and

QT) = lim Q(TEm)y/m,

m—r oo

The limit follows from supermultiplicativity for nonzero tensors. Every spectral point satisfies

Q(T) < ¢(T) < R(T). (2.2)

Indeed, a rank decomposition realizes T as a restriction of Ag(r). Conversely, Q(T®™) < ¢(T)™ for every m;
taking mth roots gives the lower bound. Invertible changes of basis and nonzero scalar multiplication preserve
all spectral values, ranks and asymptotic ranks, since they give restrictions in both directions.

2.2 Polynomial degenerations and interpolation

We will only use explicitly given degenerations. The following elementary argument explains why each spectral
point is monotone under them.

Lemma 2.2. Suppose that for every nonzero complex t, linear maps on the three factors of K produce the tensor
F(t) =T +tTy +--- + tIT}.
The maps may have Laurent-polynomial entries. Then ¢(T) < ¢(K) for every spectral point ¢.

Proof. For each positive integer m, the polynomial F(#)¥™ has degree at most dm and constant coefficient 7%
Choose dm + 1 distinct nonzero complex values of ¢t. Polynomial interpolation expresses that constant coefficient
as a linear combination of the values at those points. Each value is a restriction of K®™. A linear combination
of dm + 1 such restrictions is a restriction of their direct sum: on each direct-sum block use its three maps,
absorbing the scalar coefficient into the first map. Consequently

P(T)™ < (dm + 1)p(K)™.

Taking mth roots and letting m tend to infinity proves the claim. If ¢(K) = 0, the same displayed inequality
already implies ¢(T") = 0. Laurent entries cause no difficulty because the evaluations avoid zero and the combined
output is polynomial. O



2.3 The three-mode tight-support theorem

Fix bases indexed by finite sets I1, I2, I3. A support ® C Iy x I x I3 is tight if there are injective maps o : I; = Z
such that

a1 (i) + aa(iz) + as(is) =0 for every (i1,i2,i3) € . (2.3)
For a probability distribution p on ®, write p; for its marginal on I;, and use natural logarithms in the entropy

H(p;) ==, p(i)logp;(i), with 0log 0 = 0.

Theorem 2.3 (Strassen’s tight-support theorem). Let T' be a complex three-mode tensor whose support in some
bases is tight. For every probability distribution p on that support,

QT) > min exp H(p;). (24)

1<j

This is the needed consequence of [4, Definition 4.1, Theorem 4.4 and Corollary 4.5]. The hypothesis concerns
the support and injective integer weights; there is no extra equality or positivity hypothesis on its nonzero
coefficients. The theorem is a three-mode result. We apply it to a three-mode auxiliary tensor, before adjoining
the fourth factor in Section 5.

3 A strict asymptotic-rank bound for the permutation tensor

3.1 Paired Coppersmith—Winograd tensors

For an even positive integer q, let J be a set of size ¢ with a fixed-point-free involution r — r’. In a space with
basis zg and z, for r € J, define

Cq:Z(z()@zT@zw—l—zT@zO@zw+zr®zr/®zo). (3.1)
red

Different labelings of the pairs give equivalent tensors. The usual small Coppersmith—Winograd tensor is
q
cvvq:Z(eo®ej®ej+ej®eo®ej+ej®ej®eo). (3.2)
Jj=1
Lemma 3.1. Over C, the tensors C; and cw, are equivalent under invertible changes of basis. Every spectral
point satisfies p(Cq) < g+ 2.
Proof. Label the paired vectors uy, vy, for 1 < h < ¢/2. In each of the three modes apply the map
20 —> %60, Up, — €ap—1 + ieap, Up > €ap—1 — ieap.

The two-by-two block on a pair has determinant —2i, and the zero coordinate is scaled by 1/2, so the map is
invertible. For each pair,

up @ vp + vp @ up —> 2(e2n—1 ® eap—1 + €2 ® eap).

The factor two is canceled by the zero-coordinate scaling, in each of its three possible positions. Thus the image
is exactly cwy.

For the bound, set s = 25:1 ej. For t # 0 the expression

q
723 (o + te;)® =t (e +£25) 0 4 (77 — gt~ ?)ef? (3.3)
j=1

is a sum of at most ¢ + 2 rank-one tensors. Expanding it gives

cwq +t 6?3—eo®s®s—s®eo®s—s®s®eo — 13593, (3.4)

<.
I MQ
_

The coefficients of e cancel, and the degree —1 terms with two zero coordinates cancel. The remaining
degree-zero terms are exactly (3.2). Applying Lemma 2.2 with source A,io shows ¢(cw,) < g+ 2. Basis
invariance proves the same bound for Cj,. O



3.2 The group tensor and its Fourier decomposition

Identify F2 with the symbols 0, 1,2, 3 by their two-bit expansions, so addition is bitwise exclusive-or. Set

G = (F§)37 S = {15273}37 b= (171a1)7

3.5
I=5n(S+0b), E=G\ (SU(S+1)). (3:5)

Here I = {2,3}3. Since |G| = 64 and |S| = 27, inclusion-exclusion gives
| =8,  |E|=64—(27+27—8) =18 (3.6)

Both I and F are invariant under r — r + b. This is a fixed-point-free involution because b # 0. Also 0 ¢ SU E:
indeed b € S implies 0 € S + b.
Let fg4, for g € G, denote a basis and define the group tensor

Ke= Y [u®fo® fu (3.7)
u+v+w=0
Its Walsh decomposition is
®3
1
Kg = 64 ZA Z x(9)fg ) (3.8)
XEG 9eG

where @ is the set of the 64 characters with values in {1, —1}. For a coefficient indexed by (u,v,w) the right side
is 6471 Zx X(u+ v+ w). This equals one if the sum is zero. Otherwise, choosing a character that is negative on
that nonzero group element pairs the terms with their negatives. This proves (3.8) and R(Kq) < 64.

3.3 The finite exchange
In each target factor use the disjoint basis vectors
{zg:9€ 8} U {20} U {z5:9€ FE}.
Apply in all three modes the Laurent map
fo = Lgesmy + 12 1gmpz0 + tlyep2,. (3.9)

In particular, f, has both an x;, component and a zy component; the formula is a sum of components, not a
partition of the source basis. The image of f; is zero.

Lemma 3.2. There are Laurent-polynomial restrictions of Agy @ Cs whose combined output is a polynomial in t
of degree at most three with constant coefficient

P e Cys. (3.10)
Consequently every spectral point satisfies
S(P)® + ¢(Cis) < 64+ ¢(Cs). (3.11)

Proof. First apply (3.9) to Kg. A term using only z components has degree zero. For each of the three
coordinates of G, three elements of {1, 2,3} sum to zero exactly when they are the three distinct nonzero elements
of F3. Identify 1,2,3 with the basis labels 0,1,2 of P. The x-only part is then P%3 with 63 = 216 nonzero
coefficients, all equal to one.

Consider a term with exactly one zy component. Its corresponding group index is b, and the other two group
indices must sum to b. There are three possibilities for their target types:

1. Two x components have degree —2. Their indices lie in I, paired by r — r 4+ b. Taking all three positions
of zy gives exactly t2Cs(zq,; : 1 € I).

2. One x component and one z,, for r € E, would have degree —1, but cannot occur. If the first index is in
S, the second must be in S + b, which is disjoint from E.



3. Two E components have degree zero. Their indices are the 18 elements of E, paired by the same involution.
These terms give exactly Cig, with 3 - 18 = 54 support coefficients.

Two 2y components would require the third group index to be zero, whose image is zero. Three would require
b+b+b =0, contrary to b # 0. Finally, terms with no zy and at least one E component have positive degree, at
most three. This exhausts every possible term, including the two components of the image of fj.

Now adjoin a disjoint copy of the paired tensor Cs to the source. Label its nonzero basis vectors by I with
the pairing i — i + b. In each mode send its zero-index basis vector to —t 2z, and its other basis vectors to ;.
Every term of that tensor has exactly one zero-index basis vector, so its image is precisely —t~2Cg(z0,z; : i € I).
This cancels all negative degrees. The resulting output is polynomial of degree at most three, with the constant
coefficient in (3.10). Its two summands occupy disjoint coordinates in every factor.

Equation (3.8) realizes K¢ as a restriction of Agy, so the same construction has source Agy ® Cs. Lemma 2.2,
together with additivity and multiplicativity of ¢, proves (3.11). O

3.4 The tight auxiliary tensor and the exact constant

Choose labels up,, vy, for 1 < h <9, for the pairs of Cig. Assign weight 0 to zg, weight h to u; and weight —h to
Up, in each of the three modes. These weights are injective within a mode and sum to zero on every support
triple. Thus Cig has tight support.

Give each of its 54 support triples probability 1/54. Every marginal has mass 1/3 at the zero coordinate and
mass 2/54 = 1/27 at each of its 18 other coordinates. Its entropy therefore satisfies

expH = exp (—3log & — 18- - log 5-)

3.12
=37/% = 3V/8L. (3.12)

Theorem 2.3 and (2.2) give ¢(C1g) > Q(Clg) > 34/81 for every spectral point. Lemma 3.1 gives ¢(Cg) < 10.

Substituting both inequalities into (3.11) yields the uniform estimate
d(P)? < 64+ 10 — 3V/81 = 74 — 3V/81. (3.13)

Taking the maximum in Theorem 2.1 proves the first inequality of (1.4).
All comparisons needed for the threshold are exact. Since 81 > 64 = 43, one has 3+4/81 > 12, so the last
expression in (3.13) is strictly less than 62. Moreover

2M<62<64 — 3<V62<4. (3.14)

No decimal estimate or assumption about f{(P) is used.

4 Scalar centroids and an ambient open neighborhood
Set A= B =C =C3? and D = C?. Every element of V has a unique expression
W=T®dy+ S ®d, T,SecA®B®C. (4.1)
The fourth-mode flattening views W as a map D* — A® B® C. Its rank is the dimension of span{T, S}. Hence
X ={W rank(Wapcip) <1} ={T®v:T€c A®B®C, ve D} (4.2)

is closed, defined by the two-by-two minors of a 27-by-2 matrix.
Let Z C V be the common rank-at-most-three locus of the three balanced flattenings

AB|CD, AC|BD, BC|AD. (4.3)

These are 9-by-6 matrices, so their four-by-four minors define Z. Every point of X lies in Z: for example the
AB | CD flattening of T ® (vodo + vidy) is [voM vi M], where M = Typ|c has three columns.



4.1 An appended-minor matrix

Write M (T) for the 9-by-3 flattening with row indices in A X B and column indices in C. Define Mp(T') and
M4 (T) by the other two choices of the singled-out factor. A tensor T is concise if all three matrices have rank
three.

For each of these three matrices, append one of the three columns of the corresponding matrix of S, and take
the determinant on each choice of four rows. These expressions are linear in the 27 entries of S. Collect their
coefficients into the matrix

L(T) : C*" — C'134 1134 =3- 3(2). (4.4)

Every entry of L(T) is a homogeneous cubic polynomial in the coordinates of T. Appending a column of T
repeats an existing column, so
L(T)T =0 for every T. (4.5)

Lemma 4.1. If T is concise, then the tensor W in (4.1) belongs to Z if and only if L(T)S = 0.

Proof. Up to column permutations, each balanced flattening of W is [M;(T) M;(S)]. Since M;(T') has rank
three, that block matrix has rank at most three exactly when every column of M;(S) belongs to the column
space of M;(T). Appending a single column gives a 9-by-4 matrix. Its four-by-four minors all vanish exactly
when its rank is at most three, which, because the original three columns are independent, is precisely the
required membership condition. Doing this for all columns and all three flattenings proves both directions. [J

4.2 The centroid interpretation and the kernel at P

For a concise tensor T', define its centroid to be the vector space

Cent(T) = {(Fa, Fp, Fc) € End(4) @ End(B) @ End(C) : (FA® 1 1)T

(4.6)
=(1@Fpe)T=(1®1® Fc)T}.

Taking the common value identifies this vector space with ker L(T"). To see this, concision makes each map
F; — F; - T injective. Its image consists precisely of those S for which the columns of M;(S) belong to the
column space of M;(T): a matrix relation M;(S) = M;(T)H corresponds to action by the transpose of H on the
singled-out factor. The three simultaneous membership conditions are exactly those defining ker L(T'). Under
this identification, the common scalar triples (Al 4, A1p, Al¢) correspond to AT

Lemma 4.2. The tensor P is concise, and
ker L(P) = CP, rank L(P) = 26. (4.7
Equivalently, Cent(P) consists exactly of the common scalar triples.

Proof. The columns of Mc(P) are the three independent vectors
e1®ext+ex®er, eg®ex+ex®ey, eg®er+er®eo.

Their span is the space of symmetric three-by-three matrices with zero diagonal. The same description holds for
M4 (P) and Mp(P) by permutation symmetry, proving concision.

If L(P)S = 0, the column-space characterization in the preceding lemma says, for each fixed k, that the
array (S;jk)i,; 1S symmetric with zero diagonal. The other two flattenings give the same condition for the other
pairs of indices. Thus the coefficients of S are unchanged by each transposition of the three indices and vanish
whenever any two indices coincide. The only possible nonzero coefficients are the six permutations of (0,1, 2);
transpositions act transitively on these six, so all six coefficients agree. Therefore S is a scalar multiple of P.
Conversely, (4.5) shows that every such multiple lies in the kernel. Rank-nullity gives 27 — 1 = 26, and the
centroid description follows from the preceding identification. O



4.3 Persistence in the full ambient space
Define U C V' by the following conditions on the first slice in (4.1):
U={T®dy+ S®dy : rank Ms(T) = rank Mp(T) = rank M (T) = 3, rank L(T) > 26}. (4.8)

Each condition is polynomial open: maximal flattening rank is the nonvanishing of at least one three-by-three
minor, and rank L(T) > 26 is the nonvanishing of at least one 26-by-26 minor. The slice projection W +— T is
linear, so these conditions indeed define an open subset of all of V. Lemma 4.2 shows that t = P® dy € U.

Proposition 4.3. The open set U satisfies ZNU C X.

Proof. Take W =T ®dy+ S®dy € ZNU. Concision implies T # 0. By (4.5), the kernel of L(T) contains this
nonzero vector, so its rank is at most 26. The defining inequality of U forces equality. Thus ker L(T) = CT.
Since W € Z, Lemma 4.1 gives L(T')S = 0, and therefore S = AT for a scalar A. It follows that

W =T (dy+ ;) € X.
O

This is the only persistence statement needed: one nonzero minor at P, together with the universal kernel
vector T, keeps the kernel one-dimensional on an open neighborhood. No assertion about arbitrary tensors with
deficient single-mode ranks is used.

5 The proper relatively closed cover

We first record why all relevant matrix-rank constraints follow from asymptotic tensor rank, and why adding a
fixed factor does not change the rank of a tensor.

Lemma 5.1. For any tensor T of any order, the rank of every matriz flattening of T is at most f{(T)

Proof. Let a flattening have rank r. The corresponding flattening of 7% is, up to permutations of rows and
columns, the mth matrix Kronecker power of that flattening and has rank ™. Every rank-one tensor becomes a
matrix of rank at most one under a flattening, so 7 < R(T%™). Taking mth roots and the limit proves the
claim, including the zero tensor. O

Lemma 5.2. If v is a fized nonzero vector in an additional factor, then R(T ®v) = R(T) and R(T @ v) = R(T),

where the two ranks use their respective numbers of factors.

Proof. A rank decomposition of T" gives one of T'® v with the same number of terms. Choose a linear functional
¢ with £(v) = 1. Applying it to the last factor of any decomposition of T'® v gives a decomposition of T, with
no more terms. These are the two rank inequalities. Apply the same argument to each power, with added vector
v®™ and take mth roots and limits. O]

Proof of Theorem 1.1. For any W € Y, Lemma 5.1 bounds each balanced flattening rank by ﬁ(W) <a<4.
Matrix rank is integral, so all three ranks are at most three. Therefore Y C Z.

Equation (1.4) and Lemma 5.2 imply R(z) = R(P) < a, so z € Y. The tensor y in (1.3) has rank at most
two by its displayed decomposition. Its fourth-mode flattening has two independent columns, so Lemma 5.1
gives f{(y) > 2. Since f{(y) < R(y) <2, equality holds. In particular y € Y, because 2 < a, and y ¢ X.

The sets

Vi=YNX, Yo=YNn(V\U)

are relatively Zariski closed in Y, since X and V' \ U are closed in V. They cover Y: if a point of Y lies in U,
then it lies in ZNU C X by Proposition 4.3; otherwise it belongs to Y5. Both pieces are proper. The point
y belongs to Y\ Y7, and the point 2 belongs to Y\ Y2 because z € U. Thus Y is reducible as a topological
subspace of V. Its known Zariski closedness [5, Theorem 1.2] then gives the stated interpretation as a reducible
algebraic variety. O

The use of four factors occurs in the pair of slices and their balanced flattenings. The spectral and tight-
support estimates are applied exclusively to three-mode tensors. The proper cover does not imply that either
displayed piece is irreducible or that there are exactly two irreducible components.



6 Component growth and a boundary under grouping

For complex vector spaces Vi,..., Vi and a real a > 0, write

ZeWVyoo Vi) ={T eV ®@--- @V, : R(T) < a}.

These are the full sublevels, which are Zariski closed by [5, Theorem 1.2]. Ranks and asymptotic ranks always
refer to the displayed factors. Grouping a collection of factors for a matrix flattening does not change this

convention.

6.1 The local rank-one chart in general dimension

Let A, B, C have the same dimension n > 3, put W = A® B® C, and let D have dimension m > 2. For T € W,
set
Eu p(T) =im(C* — A® B),

and define E4c(T) and Epc(T) in the same way. Using the natural permutations of tensor factors, define
K(T) = (Eap(T) @ C) N (Eac(T) ® B) N (A® Epc(T)) € W. (6.1)

Thus T € K(T), and T is concise precisely when the three pair-image spaces have dimension n.

The appended-minor construction of Section 4 extends without change: to each n2-by-n flattening of T,
append each column of the corresponding flattening of a variable S, and take all (n+ 1)-row determinants. Their
coefficients in S form a polynomial matrix L, (T') with n® columns. Repeated columns give L, (T)T = 0 for
every T', and on the concise locus one has

ker L,,(T) = K(T).

Indeed, a full-rank m-column matrix acquires no additional rank on appending a column exactly when that
column lies in its image. Consequently

Q. ={T € W : T is concise, rank L, (T) > n® — 1} (6.2)

is Zariski open, and K(T') = CT for every T € Q,,.
Choose a basis dy, . ..,dm—1 of D and write F' = Z?ZOI T; ® dj. Define

Fn = {F :rank Fyp|cp, rank Fyc|pp, rank Fgpcjap < n},
X ={F :rank Fypc|p < 1}, U={F:Ty€Q,}.
Here the first line requires each of the three ranks to be at most n.

Proposition 6.1. The full-ambient open set U satisfies
F.NU=XnNU. (6.3)

IfQ,, # @, then X is an irreducible component of F, of dimension n®+m—1. In the four-factor rank convention
(A, B,C, D), for every a > 0 one has

ZJ(A,B,C,D)NX ={T®uv:T € Z,(A, B,C), ve D}. (6.4)
For 0 <a <n+1, its intersection with U is isomorphic to
(Za(A,B,C)NQ,) x A (6.5)

Proof. Suppose F' € U. The AB | CD flattening concatenates the columns of all the T}, while the first slice
already has an n-dimensional AB-image. This flattening has rank at most n if and only if Eag(T;) C Ear(To)
for every j. The other two balanced flattenings give the corresponding conditions on AC and BC'. Therefore
F € F, precisely when every T; belongs to K (Ty) = CTp, which is precisely F' € X. Conversely, every T'® v has
each balanced rank at most n, so X C F,. This proves (6.3).



The locus X is the rank-at-most-one variety of n3-by-m matrices. It is closed by its two-by-two minors and
irreducible as the image of W x D under (T,v) — T ® v. Its dimension is n® + m — 1: on a chart with a chosen
nonzero matrix entry, a rank-one matrix is determined by its corresponding row and column, with their common
entry counted once. If an irreducible closed subset C' of F,, contains X, then C N U is nonempty when €,, # .
It is dense in C, and (6.3) places it in the closed subset X. Hence C' = X, proving the component assertion.

For v # 0, Lemma 5.2 gives R(T ® v) = R(T); the zero tensor is covered by taking 7' = 0. This proves (6.4).
If a <n+1, Lemma 5.1 and integrality give Z,(4, B,C, D) C F,,. The isomorphism in (6.5) is

m—1
(T A1, Ame) — T @ [ do+ Y Ajd;
j=1

Its inverse reads the first slice T # 0 and the unique scalar multiples of it in the other slices. Those scalars are
regular on each chart on which a selected coordinate of T is nonzero, and these expressions agree on overlaps.
This also proves the claimed isomorphism globally on the indicated open subset. O

The component assertion concerns the determinantal locus F,,; it does not assert that the whole of X lies
in an asymptotic-rank sublevel. Equation (6.4) retains the actual three-mode sublevel. The exact sublevel
identifications above use four factors, with D a single factor. When D abbreviates several original factors below,
only the flattening statement (6.3) is used.

6.2 Scalar-kernel cores in every dimension

In this subsection A = B = C = C", and K(T) is the intersection of lifted two-mode images defined above. We
write R(7T) for border rank: the least integer r for which 7' belongs to the Zariski closure of the rank-at-most-r
locus.

For an integer n > 3 and s € C\ {0}, put

n n
w:Zei, Tn75:26i®ei®ei+sw®w®w. (6.6)
i=1 i=1

Lemma 6.2. For every n > 3 and every nonzero complex s, the tensor T, s is concise and K(T,, ) = CT,, 5.

Proof. Its slices in any mode are E;; + s.J, where J is the all-ones matrix. A linear relation among these slices
has the form
diag(z1,...,z,) + S(Z xi)J =0.
i

An off-diagonal entry gives ) . x; = 0, and the diagonal entries then give z; = 0 for every 7. This proves concision
in each mode.

Let S € K(T, ). Every matrix in each two-mode image is symmetric, so the three lifted-image conditions
make S invariant under all permutations of its indices. In the slice with third index k, write g; for the common
off-diagonal entry. Expressing this slice in the basis F;; + sJ gives

qe = s (Z Siik — n%) :

For distinct j, k, choose 7 different from both. Symmetry gives S;;i = Six;, hence ¢, = g;. Let their common
value be ¢q. For i # k, symmetry also gives S;;r = Sik; = q. Writing by = Sk, the displayed relation becomes
q = s(br —q), s0 by, = (1+1/s)q. Thus the coefficients of S are ¢ off the full diagonal and (1+1/s)q on it, which
means S = (¢/s)T},s. The reverse inclusion follows from T;, s € K (T, s). O

Lemma 6.3. For every n > 3 and every nonzero complex s,

R(T,..) =R(T,.) =n+1. (6.7)

3
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Proof. Equation (6.6) gives the upper bound n + 1 for both ranks. A concise tensor of rank at most n has rank
exactly n, since each single-mode flattening has rank n. In an n-term decomposition, its factors span each of the
three n-dimensional modes and hence form bases. It is therefore an invertible local transform of

Dn = iei@)ei@ei.
i=1

For D,,, the lifted-image conditions force all three indices to coincide, so K(D,,) is the n-dimensional span of its
diagonal summands. Invertible local maps carry K (T') to the corresponding kernel for the transformed tensor.
Consequently every concise tensor of rank at most n has kernel dimension n.

On the concise open subset, the appended-minor construction of Section 4 works with n2-by-n flattenings:
append each column of a variable tensor and impose every (n + 1)-row determinant. The resulting polynomial
matrix L, (T) has n® columns and satisfies ker L,,(T) = K (T) there. The condition dim K (T) > n is therefore
relatively closed, being the condition rank L, (7)) < n® — n. Rank-at-most-n tensors remain dense in their
border-rank closure after restriction to this open subset. Every concise tensor of border rank at most n must
consequently satisfy dim K (7T') > n. Lemma 6.2 excludes this possibility for T, s, whose kernel has dimension
one. Thus R(T,, s) > n, proving both equalities. O

Proposition 6.4. For every integer n > 3, define

B, = ((n + l)n + n2n/3 _ ((n + 1)n _ nn)2/3) 1/n7 (68)

where the roots are positive real roots. Then n < B,, < n+1, and for every s € C\ {0} the tensor T, s is concise,
with
K(Tn,s) = (CTn,sa R(Tn,s) = E(Tn,s) =n++ 17 R(Tn,s) S Bn~

Proof. The concision, kernel and exact-rank assertions are Lemmas 6.2 and 6.3. For the asymptotic bound we
use the automatic three-direction form of the speedup theorem of Alman and Li [2, Theorem 6.1]. For a tensor
Q of format N x N x N and an integer ordinary-rank upper bound R > 2N, its automatic clause gives

R(Q) < R+ N?/* —(R—N)** <R. (6.9)

Here the auxiliary matrix-rank bound is N in each of the three directions, which is automatic for N-by-N
matrices. We apply this theorem only to three-mode tensors.
Take Q = TE?, N =n" and R = (n+ 1)". Taking the grouped nth power of the explicit (n + 1)-term

decomposition (6.6) gives R(Q) < R. The binomial expansion shows

1+1/n)" = 2+zn: <?)n3 > 2,

so R > 2N. Grouped powers satisfy R(T®") = R(T)", directly from the defining limit (1.1). Substitution in
(6.9) vields R(T},. )" < B".
For the endpoints put z = R — N > N > 1. Since N?/3 < 22/3, one has B? < R. Also
B — N =z—2%3 4+ N?3>0.

n
Taking positive nth roots gives n < B,, <n + 1. O

Thus these cores are available throughout the interval B,, < a < n+1: the lower endpoint is included because
the asymptotic-rank estimate is non-strict. The upper endpoint is excluded because the component argument
uses integral flattening ranks bounded above by a < n 4+ 1. No exact value of ﬁ(Tn,s) is asserted. For dimension
three, the permutation tensor P supplies the separate interval ¥/62 < a < 4: its scalar kernel is Lemma 4.2, and
its strict cost and threshold bounds are (1.4) and (3.14).
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6.3 A lower bound for the number of components

Theorem 6.5. Let n > 3 and k > 4 be integers, let dy,...,dx > 2, and put

For every real a satisfying B,, < a < n+ 1, with B,, as in (6.8), the variety Z,(C% ... C%*) has at least

(t?f) +1 (6.10)

irreducible components. The same bound with ts holds for every v62 < a < 4.

Proof. First suppose that every d; < n, and call a factor active if its dimension is n. For the first interval, choose
any nonzero s and put @) = T, s from Proposition 6.4. For the second interval put n = 3 and @ = P. Lemma 4.2
and (1.4) supply its scalar kernel and cost bound. Thus in both cases @ is concise, K(Q) = CQ, and

R(Q)<a<n+1.

In particular @ > n > 3 by Lemma 5.1.

For each triple I of active factors, let x; be @ on those factors and a fixed basis vector ey on every other
factor. Repeated application of Lemma 5.2 gives f{(x 1) = fi(Q)7 so xy € Z,. For linear-algebra purposes write
D= i1 C% and choose its product basis. The complementary all-zero coordinate selects the first slice Q.
Proposition 6.1 supplies a full-ambient open neighborhood Uj of x;. Every bipartition rank on Z, is an integer
at most n, so

ZaﬂU[gX], X[:{FlrankF]ucgl}. (611)

This use of D does not merge any modes in the definition of Z,.
The closed affine variety Z, has finitely many irreducible components. Choose a component C; containing
7. Its nonempty relatively open subset C; N Uy is dense in C; and lies in the closed locus X;. It follows that

C; C X (6.12)

No uniqueness of a component through z; is needed.

There is a useful stronger constraint: every single-mode rank outside I is at most one everywhere on C;. Fix
1 € 1. The locus on C} where the ith single-mode rank is n is nonempty, since it contains x;, and is open, since
that mode has dimension n. At any point F of this open set, (6.12) gives a nonzero factorization F = A; ® Bje.
For j ¢ I, the Kronecker-product rank formula gives

rank F(; jy (i jye = ri(Ar)rj(Bre) = nrj(Bre) < n.

Here r; denotes the appropriate single-mode flattening rank, and the last inequality follows from F' € Z,. Thus
r;(F) = 1 on that open set. The condition r;(F) < 1 is closed, so density extends it to all of C;. If T # J,
choose j € J\ I. Then x; has jth rank n, whereas every point of C has jth rank at most one. Therefore the
chosen components C are pairwise distinct, whether or not the triples overlap.

Every factor has dimension at least two. The tensor

k k
9= ®60 + ®€1
i=1 i=1

has rank and asymptotic rank two: its displayed decomposition gives the upper bound, and every nontrivial
bipartition has matrix rank two. Thus g € Z,. Since k > 4, each I | I¢ is nontrivial, so g ¢ X for every active
triple. A component containing ¢ is different from all the Cy, proving (6.10) in these dimensions. If there are no
active triples, the bound is one and follows from the same nonempty sublevel.

For arbitrary d; > 2, choose coordinate projections

P (Cdi N (Cmin(di,n)

with coordinate inclusions j; as sections. The tensor-product maps p = &), p; and j = ), j; are local maps for
the original k factors and satisfy pj = 1. Rank is nonincreasing under local maps in every power. Consequently
p maps the larger sublevel onto the smaller one, and j preserves asymptotic rank on the embedded copy.

12



If the larger sublevel has components Ci,...,Cs, the closures of p(Ci),...,p(Cs) in the smaller sublevel
are irreducible closed sets covering it. Any irreducible component of the smaller sublevel lies in one of those
finitely many closed sets, and maximality makes it equal to that set. The smaller sublevel therefore has at most
s components. Its active-factor count is exactly ¢, so its established lower bound gives the same bound in the
original dimensions. O

When all d; > n, this lower bound is (g) + 1. In particular, four factors of dimensions at least three have at
least five components for every /62 < a < 4. The counts are lower bounds, not complete lists of components.
Their unboundedness varies the tensor format; it makes no claim of infinitely many asymptotic-rank values in a
fixed format. The same section-and-retraction argument also propagates reducibility when additional factors are
appended using fixed nonzero vectors.

6.4 The grouped three-mode sublevel

Proposition 6.6. For every real 3 < a < 4,
Za((Cg,(C3,(CQ) = {F : rank FC9\(C3®(C? < 3} (613)
This is the irreducible rank-at-most-three determinantal variety of 9-by-6 matrices.

Proof. Lemma 5.1 gives the forward inclusion, using integrality and a < 4. Conversely, a tensor with this
flattening rank at most three has its first-mode support in a subspace of dimension at most three. After
compression and padding within that mode, it suffices to consider format (3,3,2).

Represent such a tensor by a pair of three-by-three matrices (A, B). The set where A is invertible and A~ B
has three distinct eigenvalues is nonempty, as shown by (I, diag(0,1,2)). It is Zariski open: on det A # 0, distinct
eigenvalues are the nonvanishing of the characteristic discriminant. Thus it is dense in the affine space of all
pairs. Invertible left and right changes of basis reduce every such pair to

(Ia dia‘g()\la )‘27 A3))

The corresponding tensor is a sum of the three decomposable tensors e; ® e; ® (dg + A;dy). Its rank is at most
three. Taking Zariski closures proves that every tensor of format (3,3,2) has border rank at most three and
hence asymptotic rank at most three. The latter implication also follows directly from closedness of Z3: that
closed set contains every rank-at-most-three tensor and therefore its closure. Local padding back to (9, 3,2)
cannot increase the asymptotic rank. Since a > 3, this proves the reverse inclusion.

Every 9-by-6 matrix of rank at most three is a product of a 9-by-3 matrix and a 3-by-6 matrix. Hence the
determinantal variety is the image of an irreducible affine space under matrix multiplication and is irreducible. [J

Grouping any two of the three-dimensional modes of (3,3, 3,2) gives (9, 3,2). Throughout /62 < a < 4, the
full four-mode sublevel is reducible by Theorem 6.5, whereas the full grouped three-mode sublevel is irreducible
by Proposition 6.6. This does not assert surjectivity from the ungrouped sublevel onto the grouped one and does
not settle the general three-mode irreducibility question.

6.5 Scope and the remaining three-mode questions

The component lower bounds concern the full sublevels and allow the format to vary. They neither classify
all components nor produce infinitely many asymptotic-rank values in a single fixed format. The scalar-kernel
argument uses three balanced flattenings and a fourth factor containing simultaneous slices. The grouped
example shows explicitly why those constraints do not transfer to three modes. A reducible linear section would
also be insufficient to prove reducibility of an ambient sublevel: the irreducible quadric zy = 22 has the reducible
section z = 0.

The full three-mode asymptotic-rank conjecture asserts R(T') = max; r;(T), where r;(T') are the single-mode
ranks, after compression to those mode supports. Under this conjecture, for every a > 0 the sublevel is the
subspace variety defined by

r;(T) < min{dim V;, |a]}, i=1,2,3.
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It is irreducible: choose the three support spaces in the product of the corresponding Grassmannians and then
a tensor in their tensor product. The resulting vector bundle has irreducible total space and maps onto the
subspace variety. When the bound is zero, the variety is {0}. This conditional implication is already recorded in
[5, Section 5|. Thus three-mode reducibility would refute the full conjecture. It would not by itself prove that
the matrix-multiplication exponent w is greater than two, or refute the narrower conjecture for concise tight
cubic tensors [3, Conjectures 3 and 8].

Proposition 6.7. In a fized complex tensor format, finiteness of the set of asymptotic-rank values is equivalent
to a uniform bound on the number of irreducible components of all its sublevels.

Proof. Finitely many values give finitely many sublevels, each a closed affine variety with finitely many irreducible
components. Conversely, suppose all sublevels in an ambient affine space of dimension N have at most C
components. Associate to each one its vector of component counts in dimensions N, N —1,...,0. For a strict
inclusion of two closed subsets these vectors strictly increase lexicographically. Indeed, until the first dimension
at which their components differ, all higher-dimensional components coincide. An old component in the next
dimension cannot be absorbed by one of those common higher-dimensional components, and containment in a
new component of equal dimension forces equality. Thus all old components of that dimension persist, and at

least one new component is added. If there were no differing dimension, the two closed subsets would be equal.

C+N+1
N+1

Consequently every strict chain of sublevels has uniformly bounded finite length. Distinct attained asymptotic-

There are only ( ) nonnegative integer vectors of length IV 4+ 1 with coordinate sum at most C.

rank values give distinct, totally ordered sublevels, so there are only finitely many such values. O

No uniform component bound in a fixed format is supplied by the component-growth theorem. Determining the
three-mode components in the local product chart, finding a three-mode replacement for the balanced-flattening
argument, and controlling components over all thresholds of a fixed format remain separate questions.

The arguments in this section are written proofs with the cited closedness and asymptotic-speedup inputs.
The finite certificate described in Section 7 supports the original permutation-tensor construction. It does not
formalize the general scalar cores, the component-growth theorem, the grouped determinantal description, or the
fixed-format proposition above.

7 Exact verification and the finite formal layer

The finite calculations have two complementary forms: exact arithmetic certificates for the explicit coefficients
and matrices, and a Lean proof of a proposition collecting their algebraic identities. All calculations use integers,
rational numbers, or Gaussian integers. No floating-point tolerance, numerical rank decision, or recognition of a

decimal approximation is involved.

7.1 Exact coeflicient and matrix certificates

The geometry calculation reconstructs all 1134 rows of L(P) from the appended determinants, using all (Z) =126
increasing four-row choices for each relevant column and flattening. Rational elimination gives rank 26, and the
identity L(P)P = 0 identifies its one-dimensional kernel. The same calculation checks the three rank-three single-
mode flattenings of P, the fourth-mode rank two of y, and the three balanced ranks two of y. A supplementary
Gaussian change of basis takes P to 2 cws; this identity is not needed in the geometric argument of Section 4.

There are two independent coefficient calculations for the exchange. One constructs the group, Walsh
coefficients and sparse Laurent maps directly, without reading the coefficient certificate. The other contracts the
specified 73-to-46-dimensional maps and evaluates all 463 = 97336 ordered output coefficients. The source is
written using 88 terms: 64 Walsh summands and 24 paired-Cy terms. These calculations check the cancellation of
every pole and the 270 = 216 + 54 nonzero constant coefficients of P®? ¢ Cy5. They also check the ten-term cwg
polynomial identity, the 19 injective integer weights for Cig, the zero weight sum on all 54 support triples, and all
marginal counts. The counts are 18 at the zero index and 2 at each other index, giving the rational probabilities
1/3 and 1/27. The entropy evaluation and its asymptotic consequence are the written calculation (3.12) and
Theorem 2.3.

The three exact checkers reconstruct the expected tensors and reject invalid input formats. Their runner
binds the proof and certificate files by hashes and compares registered output in ordinary execution, optimized
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Python execution, and execution with a second hash seed. One invocation includes nine positive executions
and 48 external negative-control executions: each of 16 specified corruptions must be rejected in each of the
three modes. The corruptions change, among other quantities, the pole-cancellation sign, Fourier normalization,
a target coefficient, a degeneration scalar, the injectivity of tight weights, or a witness rank. The coefficient
checker also carries out four corruption checks within each positive execution. Failure is explicit and does not
depend on assertions that optimization could remove.

7.2 The precise scope of the Lean certificate

The formal proposition, with theorem name finiteCertificate, combines the following statements. It proves
the complete enumeration of the minor rows and, for every complex pair T, S, the equality between the appended
determinant and the corresponding coordinate of L(T')S. It proves L(T)T = 0 for every complex T, the rank 26
of L(P), and L(P)S = 0 if and only if S = c¢P for a complex scalar ¢. The witness flattening ranks and the
supplementary Gaussian P-to-2cws change of basis are included.

For the exchange, the proposition proves the finite group and set identities, Walsh orthogonality, agreement of
the dense and sparse contractions, and the permutation-coordinate identification of P®3. It proves the Laurent
coefficient identities at every output triple, including vanishing in every degree below zero or above three. The
coefficient representation uses an integer normalization, with constant coefficient 64 times the specified target;
division by 64 gives the normalization in (3.8). The tight weights, marginal counts and integer comparisons
27 < 62 < 64 < 81 are included. The ten-term cwg identity is proved for every nonzero complex parameter and
all 92 coordinate triples, with the required constant value at zero of its regular polynomial expression.

The formal development uses Lean v4.34.0-rc2 with a pinned Mathlib revision. Its final theorem has
precisely the logical axioms propext, Classical.choice and Quot.sound. Source and literal-data checks
accompany a clean rebuild and include controls for altered inputs, missing proofs, altered build configuration or
dependency manifests, and unexpected axiom output.

This certificate does not formalize asymptotic rank or border rank, Strassen’s spectral or tight-support
theorems, or the implication from entropy to asymptotic subrank. It also does not formalize the general
balanced-rank-to-kernel equivalence of Lemma 4.1, the open-neighborhood argument, or the proper relatively
closed cover. The paired-Cg to diagonal cwg basis change in Lemma 3.1 is a separate written bridge; the
formalized Gaussian change for P does not replace it. None of these omitted statements is a premise of the
formal proposition. The asymptotic-rank bound and the reducibility theorem follow from the finite identities
together with the stated classical inputs and the written arguments above.
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